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Abstract
A vector asymmetrical Nizhnik–Novikov–Veselov (NNV) equation is proposed based on its bilinear form. Soliton solutions ex-
pressed by Pfaffians are obtained. Bilinear Bäcklund transformation and the corresponding Lax pair for the vector ANNV equation
are derived.
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1. Introduction
In the literature, several approaches have been developed to search for integrable coupled systems, such as the
celebrated Korteweg–de Vries equation
ut + 6uux + uxxx = 0. (1)
One of them is the Hirota’s bilinear method. We first recall how to deduce coupled KdV system by the bilinear
formalism. It is known that the KdV equation (1) can be transformed into the bilinear form
Dx
(
Dt + D3x
)
f · f = 0 (2)
by the dependent variable transformation
u = 2(lnf )xx, (3)
where the bilinear operators Dmx Dkt are defined by [1]
Dmy D
k
t a · b ≡
(
∂
∂y
− ∂
∂y′
)m(
∂
∂t
− ∂
∂t ′
)k
a(y, t)b(y′, t ′)
∣∣∣∣
y′=y, t ′=t
.
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the KdV equation (1) is given as [2](
Dt + D3x
)
g · f = 0, (4)
D2xf · f = 2Dxg · f, (5)
which has a natural coupled form(
Dt + D3x
)
gj · f = 0, j = 1,2, . . . ,M, (6)
D2xf · f = 2Dx
(
M∑
j=1
gj
)
· f. (7)
By the dependent variable transformation vj = 2gj/f , Eqs. (6) and (7) can be transformed into an M-component
potential KdV equation
∂vj
∂t
+ 3
(
M∑
k=1
∂vk
∂x
)
∂vj
∂x
+ ∂
3vj
∂x3
= 0, j = 1,2, . . . ,M, (8)
or its vector form
vt + 3(c · v)xvx + vxxx = 0, (9)
where v = (v1, v2, . . . , vM), c = (1,1, . . . ,1) and the inner product c · v is defined by
c · v =
M∑
i=1
vi.
Set ui = vix,u = vx ; M-component KdV equation is obtained
∂ui
∂t
+ 3
(
M∑
k=1
uk
)
∂ui
∂x
+ 3
(
M∑
k=1
∂uk
∂x
)
ui + ∂
3ui
∂x3
= 0, i = 1,2, . . . ,M, (10)
or its equivalent vector form
ut + 3
[
(c · u)u]
x
+ uxxx = 0. (11)
Other coupled systems from KdV equation can be seen in [3,4]. The vector Ito equation [2] for the Ito equation [5] is
also successfully obtained by using the bilinear approach.
The two coupled systems, vector KdV equation and vector Ito equation, are both (1 + 1)-dimensional systems,
a natural idea is to extend the bilinear approach to high dimension and search for coupled systems. In this paper we
consider the vector form for the asymmetric Nizhnik–Novikov–Veselov (NVV) equation
ut + uxxx + 3
[
u
(∫
ux dy
)]
x
= 0, (12)
or
ut + uxxx + 3[uv]x = 0; ux = vy. (13)
The asymmetric Nizhnik–Novikov–Veselov (ANNV) equation (13) may be considered as a model for an incompress-
ible fluid where u and v are the components of the (dimensionless) velocity [6]. The ANNV equation (12) or (13) has
the bilinear form [7]
u = 2(lnf )xy, v = 2(lnf )xx, (14)
Dy
(
Dt + D3x
)
f · f = 0. (15)
The success of extension from Eq. (2) to the coupled form (6) and (7) motivates one to propose a natural coupled form
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Dt + D3x
)
gj · f = 0, j = 1,2, . . . ,M, (16)
D2yf · f = 2Dy
(
M∑
j=1
gj
)
· f, (17)
for the ANNV equation (15). Eqs. (16) and (17) may be rewritten in an equivalent form(
Dt + D3x
)
gj · f = 0, j = 1,2, . . . ,M, (18)
M∑
j=1
gj = fy, (19)
which becomes
vit + vixxx + 3(uvi)x = 0, (20)
uy =
M∑
j=1
vjx, (21)
or its vector form
vt + vxxx + 3(uv)x = 0, (22)
uy = (c · v)x, (23)
by the dependent variable transformation
vi = 2Dxgi · f
f 2
, u = 2(lnf )xx. (24)
We call the system (22)–(23) the vector ANNV equation.
The purpose of this paper is to study the vector ANNV equation using the bilinear approach. We will give soliton
solutions, bilinear Bäcklund transformation for (16)–(17) and Lax pair for (22)–(23).
This paper is organized as follows. In Section 2, we give soliton solutions for the bilinear ANNV equation
expressed by Pfaffians. In Section 3, soliton solutions expressed by Pfaffians are found for the coupled ANNV equa-
tions (16)–(17). In Section 4, we give a bilinear Bäcklund transformation (BT) for Eqs. (16)–(17). Furthermore, the
corresponding Lax pair for Eqs. (22)–(23) is obtained from the bilinear BT. Finally, conclusion and discussions are
given in Section 5.
2. Multisoliton solution for the ANNV equation by a Pfaffian expression
For symmetrical NNV equation, its DKP type Pfaffian solution and BKP type Pfaffian solution are given in [8].
In [9] solutions for NNV equation are constructed by the Moutard transformation. In the following, we would discuss
multisoliton solutions for the ANNV equation and give a different Pfaffian expression from those in [8]. The bilinear
ANNV equation(
DyDt + DyD3x
)
f · f = 0, (25)
or equivalently
f
(
∂2f
∂y∂t
+ ∂
4f
∂y∂x3
)
− ∂f
∂y
(
∂f
∂t
+ ∂
3f
∂x3
)
+ 3
(
∂2f
∂y∂x
∂2f
∂x2
− ∂f
∂x
∂3f
∂y∂x2
)
= 0, (26)
has 3-soliton solution expressed as
f = 1 + exp[η1] + exp[η2] + exp[η3] + A12 exp[η1 + η2] + A13 exp[η1 + η3] + A23 exp[η3 + η2]
+ A12A13A23 exp[η1 + η2 + η3], (27)
with
596 G.-F. Yu, H.-W. Tam / J. Math. Anal. Appl. 344 (2008) 593–600exp(ηj ) = exp
(
pjx + qjy − p3j t + ηj,0
)
,
Aij = (qi − qj )(pi − pj )
(qj + qi)(pi + pj ) , for i, j = 1,2,3, (28)
where pj , qj and ηj,0 are free parameters.
These expressions suggest the existence of N -soliton Pfaffian solutions to Eq. (25). Suppose that the exact solution
to Eq. (25) can be expressed as
f = pf(d0, β0, a1, . . . , aN , b1, . . . , bN), (29)
with the entries defined by
pf(d0, aj ) = exp(ηj ), pf(d0, bj ) = −1, pf(d0, β0) = 1,
pf(aj , ak) = −aj,k exp(ηj + ηk), pf(aj , β0) = 0,
pf(bj , bk) = bj,k, pf(bj , β0) = 1, pf(aj , bk) = δj,k, for j, k = 1,2, . . . ,N, (30)
where
exp(ηj ) = exp
(
pjx + qjy − p3j t + ηj,0
)
,
aj,k = pj − pk
pj + pk , bj,k =
qj − qk
qj − qk , δj,k =
{1, for j = k,
0, for j = k. (31)
In the following we will prove that f given by (29) satisfies Eq. (25). We introduce new variables c, di defined by
pf(c, aj ) = 0, pf(c, bj ) = qj , pf(c,β0) = 0, pf(c, d0) = 0,
pf(di, aj ) = pij eηj , pf(di, bj ) = 0, pf(di, c) = 0,
pf(di, d0) = 0, pf(di, β0) = 0, j = 1,2, . . . ,N, i = 1,2,3. (32)
Using the method described in [10], we obtain the following differential formulae for f :
f = pf(d0, β0,•), ∂f
∂x
= −pf(d0, d1,•), ∂
2f
∂x2
= −pf(d0, d2,•),
∂3f
∂x3
= −pf(d0, d3,•) − (d0, d1, d2, β0,•), ∂f
∂t
= pf(d0, d3,•) − 2 pf(d0, d1, d2, β0,•),
∂f
∂y
= −pf(d0, c,•), ∂
2f
∂x∂y
= pf(d0, c, d1, β0,•), ∂
3f
∂x2∂y
= pf(d0, c, d2, β0,•),
∂4f
∂x3∂y
= pf(d0, c, d3, β0,•) + pf(d0, d1, d2, c,•), ∂
2f
∂t∂y
= pf(d0, c, d3, β0,•) − 2 pf(d0, d1, d2, c,•),
where we have denoted {a1, a2, . . . , aN , b1, . . . , bN } by {•} for simplicity. Substituting these relations into Eq. (25),
we find that the bilinear equation (25) has the following structure:
3 pf(d0, d1, d2, c,•)pf(d0, β0,•) − 3 pf(d0, c,•)pf(d0, d1, d2,•)
+ 3 pf(d0, d1, c, β0,•)pf(d0, d2,•) − 3 pf(d0, d2, c,•)pf(d0, d1,•), (33)
which vanishes because of the Pfaffian identity [11]:
pf(α1, α2, α3,1,2, . . . ,2n − 1)pf(α4,1,2, . . . ,2n − 1)
− pf(α1,1,2, . . . ,2n − 1)pf(α2, α3, α4,1,2, . . . ,2n − 1)
+ pf(α2,1,2, . . . ,2n − 1)pf(α1, α3, α4,1,2, . . . ,2n − 1)
− pf(α3,1,2, . . . ,2n − 1)pf(α1, α2, α4,1,2, . . . ,2n − 1) = 0. (34)
Thus we have proved f given by (29) satisfies the bilinear ANNV equation (25).
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We have transformed the vector ANNV equation into the bilinear form(
Dt + D3x
)
gμ · f = 0, for μ = 1,2, . . . ,M, (35)
D2yf · f = 2
M∑
μ=1
Dygμ · f. (36)
We note that the second bilinear form (36) can be transformed into the linear equation
∂f
∂y
=
M∑
μ=1
gμ. (37)
In the following, we would express N -soliton solution to Eqs. (35) and (37) by Pfaffians. In fact we find that
f = pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bN ,β0), (38)
gμ = pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ), for μ = 1,2, . . . ,M, (39)
where the entries of the Pfaffians are defined as follows:
pf(d0, aj ) = exp(ηj ), pf(d0, bj ) = −1, pf(d0, β0) = 1, (40)
pf(aj , ak) = −ajk exp(ηj + ηk), pf(aj , bk) = δj,k, pf(aj , β0) = 0, (41)
pf(bj , bk) = bj,k, pf(d0, βμ) = 0, pf(bj , β0) = 1, (42)
pf(aj , βμ) = 0, pf(bj , βμ) = cμ(j), (43)
for j, k = 1,2, . . . ,N and μ = 1,2, . . . ,M, (44)
where
ηj = pjx + qjy − p3j t + η0j , (45)
aj,k = (pj − pk)/(pj + pk), (46)
bj,k = (qj − qk)/(qj + qk), (47)
δj,k =
{1, for j = k,
0, for j = k. (48)
pj , qj and η0j are free parameters and cμ(j) are parameters satisfying a condition
M∑
μ=1
cμ(j) = qj . (49)
For example, we can obtain 1-soliton solution to the coupled ANNV equations (35) and (37)
f = 1 + exp(η), gμ = cμ(1) exp(η), (50)
η = px + qy − p3t + η,
M∑
μ=1
cμ(1) = q. (51)
Furthermore, we can deduce the following 2-soliton solution:
f = −1 − exp(η1) − exp(η2) − a12b12 exp(η1 + η2), (52)
gμ = −cμ(1) exp(η1) − cμ(2) exp(η2) +
(
cμ(2) − cμ(1)
)
a12 exp(η1 + η2), (53)
M∑
μ
cμ(1) = q1,
M∑
cμ(2) = q2. (54)
μ=1
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and gμ satisfy the linear equation (37). Expanding gμ with respect to the final character βμ, we obtain
gμ = pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ)
=
N∑
j=1
pf(βμ, bj )(−1)N+j−1 pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bˆj , . . . , bN)
=
N∑
j=1
cμ(j)(−1)N+j pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bˆj , . . . , bN), (55)
where ˆ indicates deletion of the character under it. The sum of gμ over μ gives
M∑
μ=1
gμ =
N∑
j=1
qj (−1)N+j pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bˆj , . . . , bN), (56)
which is expressed, introducing a new character c0, by a Pfaffian
M∑
μ=1
gμ =
N∑
j=1
qj (−1)N+j pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bˆj , . . . , bN) (57)
= −pf(d0, c0, a1, a2, . . . , aN , b1, b2, . . . , bN), (58)
where new entries are defined by
pf(d0, c0) = 0, pf(c0, aj ) = 0, pf(c0, bj ) = qj . (59)
From the deduction in Section 2, we know that
M∑
μ=1
gμ = −pf(d0, c0, a1, a2, . . . , aN , b1, b2, . . . , bN) = ∂f
∂y
. (60)
Next we show that f and gμ satisfy the bilinear equation (35). The bilinear equation (35) is rewritten as(
∂gμ
∂t
+ ∂
3gμ
∂x3
)
f − gμ
(
∂f
∂t
+ ∂
3f
∂x3
)
+ 3
(
∂gμ
∂x
∂2f
∂x2
− ∂
2gμ
∂x2
∂f
∂x
)
= 0. (61)
Through calculation we have the following differential formulae:
f = pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bN ,β0), (62)
∂f
∂x
= −pf(d0, d1, a1, a2, . . . , aN , b1, b2, . . . , bN), (63)
∂2f
∂x2
= −pf(d0, d2, a1, a2, . . . , aN , b1, b2, . . . , bN), (64)
∂3f
∂x3
= −pf(d0, d3, a1, a2, . . . , aN , b1, b2, . . . , bN) − pf(d0, d1, d2, a1, a2, . . . , aN , b1, b2, . . . , bN ,β0), (65)
∂f
∂t
= pf(d0, d3, a1, a2, . . . , aN , b1, b2, . . . , bN) − 2 pf(d0, d1, d2, a1, a2, . . . , aN , b1, b2, . . . , bN ,β0), (66)
gμ = pf(d0, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ), (67)
∂gμ
∂x
= pf(d0, d1, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ,β0), (68)
∂2gμ
2 = pf(d0, d2, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ,β0), (69)∂x
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∂x3
= pf(d0, d3, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ,β0)
− pf(d0, d1, d2, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ), (70)
∂gμ
∂t
= −pf(d0, d3, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ,β0)
− 2 pf(d0, d1, d2, a1, a2, . . . , aN , b1, b2, . . . , bN ,βμ). (71)
The detailed calculation is similar as that in [2]. Substituting these relations into Eq. (61), we find that the bilinear
equation is reduced to the Pfaffian identity [11],
pf(d2, . . .)pf(d1, βμ,β0, . . .) − pf(d1, . . .)pf(d2, βμ,β0, . . .) − pf(βμ, . . .)pf(d1, d2, β0, . . .)
+ pf(β0, . . .)pf(d1, d2, βμ, . . .) = 0, (72)
where the list {. . .} represents {d0, a1, a2, . . . , aN , b1, b2, . . . , bN }. So we have proved that f and gμ satisfy the bilinear
equation (35).
4. Bilinear Bäcklund transformation and Lax pair for (22)–(23)
In this section, we will firstly present a bilinear Bäcklund transformation for Eqs. (16)–(17). In fact, concerning
Eqs. (16)–(17), we have the following Bäcklund transformation:
Dx
(
gi · f ′ − f · g′i
)− λiDxf · f ′ = 0, i = 1,2, . . . ,M, (73)(
Dt + D3x
)
f · f ′ = 0, (74)(
Dt + D3x
)(
gi · f ′ + f · g′i
)= 0, i = 1,2, . . . ,M, (75)
between Eqs. (16)–(17) and(
Dt + D3x
)
g′j · f ′ = 0, j = 1,2, . . . ,M, (76)
D2yf
′ · f ′ = 2Dy
(
M∑
j=1
g′j
)
· f ′, (77)
where we have assumed that
g1 + g2 + · · · + gM = fy, g′1 + g′2 + · · · + g′M = f ′y (78)
such that Eqs. (17) and (77) are satisfied automatically and λi (i = 1,2, . . . ,M) are arbitrary constants. From the
Bäcklund transformation we can construct 1-soliton solution from the trivial solution f ′ = 1, g′i = 0 and we can show
the 1-soliton we obtained is the same as that in Section 3. Starting from (73)–(75) with (78), we can derive a Lax pair
for (20) and (21). To this end, we set
f = φf ′, gi = ψif ′ + φg′i , vi =
2Dxg′i · f ′
f ′2
, (79)
c ·v = DxDyf
′ · f ′
f ′2
, u = 2(lnf ′)xx,
M∑
i=1
λi = λ. (80)
Then from the Bäcklund transformation (73)–(75), we can deduce that
ψi,x = −viψi + λiφ, i = 1,2, . . . ,M, (81)
ψi,t = (3uvi + vi,xx)φ − (3λiu + vi,x)φx + viφxx − λiφxxx, (82)
0 = φt + φxxx + 3φxu, (83)
0 = φxy + (c ·v)φ − λφx, (84)
where v = (v1, v2, . . . , vM), c = (1,1, . . . ,1) and the inner product c · v =∑Mi=1 vi. We can check that the compati-
bility condition of (81)–(84) gives Eqs. (20)–(21).
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In this paper, we have utilized bilinear formalism to generate a (2 + 1)-dimensional vector ANNV equation, which
is a generalization of the ANNV equation. To the best of our knowledge the vector ANNV equation is new. We hope to
find physical applications of Eqs. (20)–(21) in the future. Soliton solutions expressed by Pfaffians have been obtained.
Besides, bilinear Bäcklund transformation and the corresponding Lax pair for the vector ANNV equation have been
derived. We hope that the bilinear approach can be used to exploit other vector (2+1)-dimensional integrable systems.
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